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Problem 4.45

(a) Derive Equation 4.199 from Equation 4.190.

(b) Derive Equation 4.211, starting with Equation 4.210.

Solution

Part (a)

Equation 4.190 is on page 181.

Ĥ =
1

2m
(−iℏ∇− qA)2 + qφ (4.190)

Apply this operator to a test function f and set φ = 0.

Ĥf =
1

2m
(−iℏ∇− qA)2f

=
1

2m
(−iℏ∇− qA) · (−iℏ∇− qA)f

=
1

2m
(−iℏ∇− qA) · (−iℏ∇f − qAf)

=
1

2m
[−iℏ∇ · (−iℏ∇f − qAf)− qA · (−iℏ∇f − qAf)]

=
1

2m
[i2ℏ2(∇ ·∇f) + iℏq∇ · (Af) + iℏqA · (∇f) + q2(A ·A)f ]

=
1

2m
{−ℏ2∇2f + iℏq[f(∇ ·A︸ ︷︷ ︸

= 0

) +A · (∇f)] + iℏqA · (∇f) + q2A2f}

=
1

2m
[−ℏ2∇2f + q2A2f + 2iℏqA · (∇f)]

=
1

2m
(−ℏ2∇2 + q2A2 + 2iℏqA ·∇)f

Therefore,

Ĥ =
1

2m

[
−ℏ2∇2 + q2A2 + 2iℏqA ·∇

]
. (4.199)
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Part (b)

Equation 4.210 is on page 185.

(−iℏ∇− qA)Ψ = −iℏeig∇Ψ′ (4.210)

Therefore, [noting that ∇g = (q/ℏ)A and ∇ · (fA) = f(∇ ·A) +A · (∇f)]

(−iℏ∇− qA)2Ψ = (−iℏ∇− qA) · [(−iℏ∇− qA)Ψ]

= (−iℏ∇− qA) · (−iℏeig∇Ψ′)

= −iℏ∇ · (−iℏeig∇Ψ′)− qA · (−iℏeig∇Ψ′)

= i2ℏ2∇ · (eig∇Ψ′) + iℏqeigA · (∇Ψ′)

= −ℏ2[eig(∇ ·∇Ψ′) +∇Ψ′ · (∇eig)] + iℏqeigA · (∇Ψ′)

= −ℏ2{eig(∇2Ψ′) +∇Ψ′ · [eig · ∇(ig)]}+ iℏqeigA · (∇Ψ′)

= −ℏ2[eig(∇2Ψ′) +∇Ψ′ · (eig · i∇g)] + iℏqeigA · (∇Ψ′)

= −ℏ2eig∇2Ψ′ − iℏ2eig∇Ψ′ ·∇g + iℏqeigA · (∇Ψ′)

= −ℏ2eig∇2Ψ′ − iℏ2eig∇Ψ′ ·
( q
ℏ
A
)
+ iℏqeigA · (∇Ψ′)

= −ℏ2eig∇2Ψ′ − iℏqeig∇Ψ′ ·A+ iℏqeigA · (∇Ψ′)

= −ℏ2eig∇2Ψ′ −((((((((
iℏqeigA · (∇Ψ′) +((((((((

iℏqeigA · (∇Ψ′)

= −ℏ2eig∇2Ψ′. (4.211)
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